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ON THE FUNDAMENTAL GROUP OF CERTAIN POLYHEDRAL
PRODUCTS
MENTOR STAFA
Abstract. Let K be a finite simplicial complex, and (X,A) be a pair of
spaces. The purpose of this article is to study the fundamental group of the
polyhedral product denoted ZK(X,A), which denotes the moment-angle com-
plex of Buchstaber-Panov in the case (X,A) = (D2, S1), with extension to
arbitrary pairs in [2] as given in Definition 2.2 here.
For the case of a discrete group G, we give necessary and sufficient condi-
tions on the abstract simplicial complex K such that the polyhedral product
denoted by ZK(BG) is an Eilenberg-Mac Lane space. The fundamental group
of ZK(BG) is shown to depend only on the 1-skeleton of K. Further special
examples of polyhedral products are also investigated.
Finally, we use polyhedral products to study an extension problem related
to transitively commutative groups, which are given in Definition 5.2.
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1. Introduction
Let (X,A) be a CW -pair with non-degenerate basepoint, and let K be an ab-
stract simplicial complex with a finite number of vertices. The polyhedral product
functor is a covariant functor defined on the category of CW -pairs with values in
the category of topological spaces. That is, for any pair (X,A) and abstract finite
simplicial complex K, the polyhedral product ZK(X,A) is a topological space with
the natural choice of basepoint. This functor has been studied extensively and
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2 MENTOR STAFA
stands at the foundations of toric topology. See for example work of V. Buchstaber
and T. Panov [3, 4], work of A. Bahri, M. Bendersky, F. Cohen and S. Gitler [2],
and elegant work of G. Denham and A. Suciu [9].
One of the fundamental examples is the Davis-Januszkiewicz space
DJ(K) ' ETm ×Tm ZK(D2, S1) ' ZK(CP∞, ∗).
The cohomology ring of the space ZK(CP∞, ∗) is isomorphic as an algebra to the
face ring of K, also known as the Stanley-Reisner ring. The equivalence between
DJ(K) and ZK(CP∞, ∗) was proved by V. Buchstaber and T. Panov [3]. The poly-
hedral product ZK(D
2, S1) is called the moment-angle complex, and is sometimes
abbreviated ZK in the literature.
Seminal work of A. Bahri, M. Bendersky, F. Cohen and S. Gitler [2] set the
solid framework necessary to study polyhedral products in broad generality. In
particular, they study the stable decomposition of these spaces for any sequence
of CW -pairs (X,A) = {(Xi, Ai)}ni=1. They prove a stable decomposition which
has implications for computations in any cohomology theory. Namely, they prove
that for a sequence (X,A) of connected and pointed CW -pairs there is a pointed
homotopy equivalence
Σ(ZK(X,A))→ Σ(
∨
I⊆{1,...,n}
ẐKI (XI , AI)),
where the “hat” stands for smash product (see Definition 2.3) and
KI = {σ ∩ I|σ ∈ K}
is the restriction of K to I and (XI , AI) is the restriction of the sequence of pairs
to I, see [2, Theorem 2.10].
In this paper we study the homotopy groups of the polyhedral products ZK(X,A)
with a focus on the fundamental group for specific choices of CW -pairs (X,A).
Let G be a group with the discrete topology and let BG denote its classifying
space with ∗ = B{1} as the basepoint. If G is not discrete, then BG might have
non-trivial higher homotopy groups. Let EG be a contractible topological space on
which G acts freely and properly discontinuously. If G1, . . . , Gn are discrete groups,
then we show that the existence of the higher homotopy groups of the polyhedral
product ZK(BG) depends only on K. In particular, if K is a flag complex (see
Definition 2.5), then higher homotopy groups of ZK(BG) vanish, see [8, Example
1.6]. Here we show that the condition that K is a flag complex is necessary.
Theorem 1.1. Let G1, . . . , Gn be non-trivial discrete groups and K be a simplicial
complex with n vertices. Then ZK(BG) is an Eilenberg-Mac Lane space if and only
if K is a flag complex. Equivalently, ZK(EG,G) is an Eilenberg-Mac Lane space
if and only if K is a flag complex.
Let SK1 denote the 1-skeleton of the simplicial complex K. In [8] it was shown
that if K is a flag complex, then the fundamental group of the polyhedral product
ZK(BG) is the graph product of the groups G1, . . . , Gn over the graph SK1 (see
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Definition 2.6), that is,
pi1(ZK(BG)) ∼=
∏
SK1
Gi.
Here we show that this is the case for any abstract simplicial complex K on a
finite number of vertices. That is, the fundamental group in this case is determined
by the 1-skeleton of K. The higher homotopy groups may appear only when K
contains m-dimensional faces for m ≥ 2.
Proposition 1.2. Let K be a simplicial complex on n vertices and let SK1 be the
1-skeleton of K. Let G1, . . . , Gn be discrete groups. Then
pi1(ZK(BG)) ∼= pi1(ZSK1(BG)) ∼=
∏
SK1
Gi.
The fundamental group of the polyhedral products ZK(X) is also investigated
for a 1-connected space X. Let CY denote the cone on the topological space Y .
Then the following theorem holds.
Theorem 1.3. Let X1, . . . , Xn be 1-connected CW -complexes. Then the polyhedral
product ZK(CΩX,ΩX) is 1-connected.
Since the polyhedral product ZK(CΩX,ΩX) is 1-connected, one can describe
the first non-vanishing homotopy group using the Hurewicz isomorphism. For this
choice of pairs of spaces the first non-vanishing homotopy group depends on the
structure of the simplicial complex K as follows.
Let I = {i1, . . . , ik} ⊂ {1, . . . , n} and for a sequence of spaces given by X =
{X1, . . . , Xn} let XI = Xi1∧· · ·∧Xik . Then the first non-vanishing homotopy group
of the polyhedral product ZK(CΩX,ΩX) is given by the following proposition.
Proposition 1.4. Let X1, . . . , Xn be 1-connected CW -complexes and K be a sim-
plicial complex with n vertices. If ZK(CΩX,ΩX) is (k − 1)-connected, then the
first non-vanishing homotopy group is given by
pik(ZK(CΩX,ΩX)) ∼=
⊕
I⊂{1,...,n}
Hk(|KI | ∧ Ω̂X
I
;Z).
Now assume that the fundamental group of X and Y for the pairs (X,A) and
(Y,A) are isomorphic and there are inclusions A ⊂ X ⊂ Y . Using the colimit
definition of polyhedral products and the fact that homotopy colimit and colimit
commute in this case, one can restrict to a subspace if necessary, to compute the
fundamental group of the polyhedral product.
Lemma 1.5. If A ⊂ X ⊂ Y with A discrete, X and Y path-connected, such that
the inclusion induces an isomorphism of the fundamental groups of X and Y , then
there is an isomorphism
pi1(ZK(X,A)) ∼= pi1(ZK(Y,A)).
Suppose that H is a closed subgroup of the Lie group G and consider the pair
(BG,BH). There is an inclusion G/H ↪→ C(G/H) which gives an inclusion
EG×G/H ↪→ EG× C(G/H).
So we can regard G/H as a G-equivariant subspace of EG. The following is an
analogue of the Denham-Suciu fibration.
4 MENTOR STAFA
Proposition 1.6. Let H be a closed subgroup of the Lie group G. There is a
fibration given by
ZK(EG,G/H) −→ ZK(BG,BH) −→ (BG)n.
As a consequence of Propositionn 1.6, we obtain the following splitting and short
exact sequence of groups.
Proposition 1.7. Let H be a closed subgroup of G. Then there is a homotopy
equivalence
Ω(ZK(BG,BH)) ' Gn × Ω(ZK(EG,G/H))
and a short exact sequence of groups
1→ pi1(ZK(EG,G/H))→ pi1(ZK(BG,BH))→ Gn → 1.
Furthermore, this decomposition may not preserve the group structure.
A group G is called transitively commutative if for any g, h, k ∈ G, [g, h] = 1
and [h, k] = 1 imply [g, k] = 1. For G a finite discrete groups and G1, . . . , Gn a
collection of subgroups of G, there is a natural map
ϕ : G1 ∗ · · · ∗Gn → G
which sends words to their product in G. There is also a natural map
p :
∏
Γ
Gi → G,
from the graph product of G1, . . . , Gn (see Definition 2.6) to G, where Γ is a simpli-
cial graph, i.e. a 1-dimensional simplicial complex, with n vertices. Similarly, the
map p sends words representing cosets to their product in G. We investigate the
problem when the map ϕ can factor through p, that is through the graph product
of groups
∏
ΓGi. This is equivalent to finding the graphs Γ such that the following
diagram commutes
G1 ∗ · · · ∗Gn G.
∏
ΓGi
ϕ
p
Among other things, answering this question gives information about commuting
elements in G. We study this problem for the class of transitively commutative
groups. More precisely, the aim is to give topological conditions characterizing
transitively commutative groups, using polyhedral products.
Moreover, we define an extension of the group theoretic concept of transitively
commutative groups, to k-transitively commutative groups, which is a group the-
oretic construction reflected by the natural topology of the spaces in this article.
Features of k-transitively commutative groups are investigated after they are intro-
duced, in Section 5.
The organization of this article is as follows. In Section 2 polyhedral products
are introduced and some of their properties are given. In Section 3 Theorem 1.1
and Proposition 1.2 are proved. In Section 4 we prove Theorem 1.3, Proposition
1.4, Lemma 1.5 and Propositions 1.6 and 1.7. Finally, in Section 5 we study the
extension problem for transitively commutative groups.
ON THE FUNDAMENTAL GROUP OF CERTAIN POLYHEDRAL PRODUCTS 5
2. Polyhedral products
Polyhedral products can be loosely regarded as functors from the category of
topological spaces to the category of topological spaces, if the value of K is fixed.
Here the discussion is confined to pointed CW -pairs (X,A), where (X,A) denotes
a finite sequence of pointed CW -pairs {(Xi, Ai)}ni=1. By [n] we denote the set
{1, 2, . . . , n}, and by 2[n] we mean the power set of [n].
Definition 2.1. An abstract simplicial complex (or only simplicial complex ) K on
n vertices is a subset of the power set 2[n] such that, if σ ∈ K and τ ⊆ σ then
τ ∈ K. An element σ ∈ K, called a simplex, is given by an increasing sequence of
integers σ = {i1, i2, . . . , iq}, where 1 ≤ i1 < i2 < · · · < iq ≤ n. In particular, the
empty set ∅ is an element of K. The geometric realization |K| of K is a simplicial
subcomplex of the simplex ∆[n− 1].
Define a functor D from an abstract simplicial complex K to the category of
pointed CW -complexes, D : K −→ CW∗ as follows. For any σ ∈ K let
D(σ) =
n∏
i=1
Yi = Y1 × · · · × Yn ⊆
n∏
i=1
Xi, where Yi =
{
Ai : i /∈ σ,
Xi : i ∈ σ.
Definition 2.2. The polyhedral product (or generalized moment-angle complex [9])
denoted ZK(X,A) is the topological space defined by the colimit
ZK(X,A) = colim
σ∈K
D(σ) =
⋃
σ∈K
D(σ) ⊆
n∏
i=1
Xi,
where the maps are the inclusions and the topology is the subspace topology.
Similarly define a functor D̂ : K −→ CW∗, so that for any σ ∈ K we have
D̂(σ) =
n∏
i=1
Yi = Y1 ∧ · · · ∧ Yn ⊆
n∏
i=1
Xi, where Yi =
{
Ai : i /∈ σ,
Xi : i ∈ σ.
Definition 2.3. The smash polyhedral product ẐK(X,A) is defined to be the image
of the polyhedral product ZK(X,A) in the smash product X1 ∧ · · · ∧ Xn. For
example, the image of D(σ) in ẐK(X,A) is given by D̂(σ).
In other words the polyhedral product is the colimit of the diagram of spaces
D(σ). Different notations can be found in the literature to denote a polyhedral
product, such as ZK(Xi, Ai), Z(K; (X,A)) and (X,A)
K . Whenever Ai is the
basepoint of Xi, we will write ZK(X) to mean ZK(X, ∗), or we simply write ZK(X)
if all the spaces Xi in the sequence of pairs are the same.
Example 2.4. Some classical examples of polyhedral products are the following.
(1) Let K = {{1}, . . . , {n}}, Xi = X and Ai be the basepoint ∗ ∈ X. Then
ZK(X,A) = X ∨ · · · ∨X,
the n-fold wedge sum of the space X.
(2) Let K = 2[n], then ZK(X,A) = X1 × · · · ×Xn.
(3) Let K = {{1}, {2}} and (X,A) = (Dn, Sn−1). Then
ZK(X,A) = D
n × Sn−1 ∪ Sn−1 ×Dn = ∂D2n = S2n−1.
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(4) If |K| is the boundary of the simplex ∆[n−1], then ZK(X) is the fat wedge
of the spaces X1, . . . , Xn.
Polyhedral products give combinatorial models for some well-known spaces. As
mentioned in the introduction, the Davis-Januszkiewicz space DJ(K) is one such
space since it is homotopy equivalent to ZK(CP∞, ∗).
Definition 2.5. The simplicial complex |K| is a flag complex if any finite set of
vertices, which are pairwise connected by edges, spans a simplex in |K|.
Definition 2.6. Given a simplicial graph Γ with vertex set S and a family of
groups {Gs}s∈S , their graph product ∏
Γ
Gs
is the quotient of the free product of the groups Gs by the relations that elements of
Gs and Gt commute whenever {s, t} is an edge of Γ. Note that if Γ is the complete
graph on n vertices, then ∏
Γ
Gs ∼=
n∏
i=1
Gi.
Another example of interest is the classifying space of the right-angled Artin
group (RAAG). Recall that an RAAG can be given in terms of generators and
relations or as a graph product of a finite number of copies of the infinite cyclic
group Z. The fundamental group of the polyhedral product ZK(S1, ∗) is the right-
angled Artin group given by the graph product
∏
SK1
Z, where SK1 is the 1-skeleton
of K. If K is a flag complex, then ZK(S
1, ∗) is the classifying space of the right-
angled Artin group, see [8]. For other finite classifying spaces of Artin groups see
[6].
In our discussion, K will frequently mean the geometric realization of K. In what
follows, assume that spaces are in the homotopy category of pointed CW -complexes
unless otherwise stated.
3. Pairs of classifying spaces of discrete groups
Let G be a discrete group. In this section we consider polyhedral products con-
structed from pairs of spaces of the form (BG, ∗), where ∗ is the natural basepoint,
and study their homotopy groups. More precisely, we are interested in describing
the fundamental group of ZK(BG), where (BG, ∗) = {(BGi, ∗i)}ni=1 andG1, . . . , Gn
are discrete groups. Later we find necessary and sufficient conditions for the sim-
plicial complex K such that ZK(BG) is an Eilenberg-Mac Lane space.
In general, for G a topological group and K a simplicial complex on n vertices,
there is a fibration given by G. Denham and A. Suciu in [9, Lemma 2.3.2].
Theorem 3.1. Let G be a topological group and K a simplicial complex on n
vertices. Then the following hold.
(1) EGn ×Gn ZK(EG,G) ' ZK(BG).
(2) The homotopy fiber of the inclusion ZK(BG) ↪→ BGn is ZK(EG,G).
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Their theorem is a result of studying the bundle
ZK(EG,G) −→ EGn ×Gn ZK(EG,G) −→ BGn,
where EGn ×Gn ZK(EG,G) is the quotient of EGn × ZK(EG,G) by the diagonal
action of Gn, and proving that the total space EGn ×Gn ZK(EG,G) is homotopy
equivalent to ZK(BG). This theorem can be extended directly to the sequence of
CW -pairs (BG) = {(BGi, ∗i)}ni=1, where Gi are topological groups for all i. Hence,
there is a fibration
(3.1) ZK(EG,G) −→ ZK(BG) −→ BG1 × · · · ×BGn,
where similarly, the total space is homotopy equivalent to the twisted product of
spaces
(EG1 × · · · × EGn)×(G1×···×Gn) ZK(EG,G).
We will refer to fibration (3.1) as the Denham-Suciu fibration, even though this
fibration stems from earlier ideas in the study of moment-angle complexes by V.
Buchstaber and T. Panov [5], as well as work of M. Davis and T. Januszkiewicz [7].
Lemma 3.2. Assume that G1, . . . , Gn are discrete groups and K is a simplicial
complex on n vertices. The following properties hold:
(1) ZK(BG) is path connected for any K.
(2) piq(ZK(EG,G)) ∼= piq(ZK(BG)) for q ≥ 2.
(3) There is a short exact sequence of groups
1→ pi1(ZK(EG,G))→ pi1(ZK(BG))→ pi1(BG1 × · · · ×BGn)→ 1.
Proof. This follows directly from the long exact sequence in homotopy applied to
the Denham-Suciu fibration (3.1) and the fact that there is an equivalence BG1 ×
· · · ×BGn = B(G1 × · · · ×Gn). 
Consider the following definition, which will give a different characterization of
flag complexes.
Definition 3.3. Let K be a simplicial complex on n vertices. A minimal non-face
in K is a subcomplex of K, which is the boundary of a simplex, but the simplex
itself is not in K. For the purposes in this paper all minimal non-faces will be
assumed to have at least three vertices.
Remark. Clearly if K has a minimal non-face with three or more vertices, then
it cannot be a flag complex. Therefore, a flag complex can be redefined to be a
simplicial complex with no minimal non-faces.
The fundamental group of the spaces ZK(BG) is calculated next.
Proposition 3.4. Let K be a simplicial complex on n vertices and let SK1 be the
1-skeleton of K. If G1, . . . , Gn are discrete groups, then
pi1(ZK(BG)) ∼= pi1(ZSK1(BG)) ∼=
∏
SK1
Gi.
Proof. Consider the following commutative diagram of spaces
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F ZSKq (EG,G) ZK(EG,G)
F ZSKq (BG) ZK(BG)
∗ ∏ni=1BGi ∏ni=1BGi,
where F is the homotopy fibre and SKq is the q-skeleton of K, for 1 ≤ q ≤ n. Note
that the homotopy fibre F of the inclusion
ZSKq (EG,G) ↪−−→ ZK(EG,G)
is homotopy equivalent to the homotopy fibre F of the inclusion
ZSKq (BG) ↪−−→ ZK(BG).
In particular, for the 1-skeleton SK1 there is an inclusion
ZSK1(BG) ↪−−→ ZK(BG)).
It follows from the Seifert-Van Kampen theorem, applied finitely many times to
the polyhedral product, that the fundamental group pi1(ZSK1(BG)) is isomorphic
to the graph product
∏
SK1
Gi.
The following diagram obtained from above
ZSKq (EG,G) ZK(EG,G)
ZSKq (BG) ZK(BG)
commutes. It suffices to show that on the level of fundamental groups, the induced
map pi1(ZSK1(EG,G)) → pi1(ZK(EG,G)) is an injection. It will then follow that
the map pi1(ZSK1(BG)) → pi1(ZK(BG))) is both an injection and surjection since
F is path-connected.
Note that ZSK1(EG,G) is a 2-dimensional CW -complex and adding 2-dimensional
or higher dimensional faces σ to the 1-skeleton SK1 only adds 3-dimensional or
higher dimensional cellsD(σ) to the space ZSKq (EG,G) (see Definition 2.2). There-
fore, adding these cells to the polyhedral product does not change the fundamental
group, see [11, e.g. Corollary 4.12 and Example 4.16]. 
3.1. Zero simplicial complexes. For a fixed abstract simplicial complex K, the
polyhedral product is a homotopy functor, which means that for fixed K the ho-
motopy type of ZK(X,A) depends only on the relative homotopy type of the pairs
(X,A). This fact was also observed in [9, Section 2.2]. In particular, this is true
for the 0-simplicial complex on n vertices and for the pair (EG,G), where G is a
topological group. The following lemma proves a special case of this fact, which
will be used in a later discussion.
Lemma 3.5. Let G be a finite discrete group of order m. Then there is a relative
homotopy equivalence (EG,G) ∼ ([0, 1], F ), where F is a discrete subset of [0, 1]
with m elements.
ON THE FUNDAMENTAL GROUP OF CERTAIN POLYHEDRAL PRODUCTS 9
Proof. By definition EG is contractible and the group G can be identified with the
orbit of a point x ∈ EG, since G acts freely on EG. This gives an equivalence of
CW -pairs (EG,G) ' ([0, 1], F ) = (I, F ), where
F = {f1 < · · · < fm} ≈ {(1 = g1) · x = x, g2 · x, . . . , gm · x}
is a finite subset of I with the same cardinality as G. One can pick a path γ :
[0, 1]→ EG such that γ(fi) = gi ·x. In particular, F can be chosen to be F = {0 =
f1 < · · · < fi < · · · < fm = 1}. 
Hence, if K has n vertices, there is an equivalence ZK(EG,G) ' ZK(I, F ),
where (I, F ) = {(I, Fi)}ni=1 and |Fi| = |Gi|.
Proposition 3.6. Let K be a discrete set of r points and Fi be finite subsets of
I = [0, 1] with |Fi| = mi, Fi = {0 = f i1 < · · · < f ij < · · · f imi = 1}, for 1 ≤ i ≤ r.
Then there is a homotopy equivalence
ZK(I, F ) '
∨
Nr
S1,
where Nr is given inductively as follows:
N2 = (m1 − 1)(m2 − 1),
Nr = mrNr−1 + (mr − 1)(
r−1∏
i=1
mi − 1), for r ≥ 3.
Proof. Recall that if T is a spanning tree of a connected graph Γ with a finite
number of vertices, then collapsing T to a point does not change the homotopy
type of Γ. Γ/T has only one vertex and has the homotopy type of a finite wedge of
circles. Since T is contractible, then Γ ' Γ/T .
To complete the proof it suffices to find the number of circles Nr and the proof
is given by induction on r.
0
f22
...
f2m2
f12
. . .
f1m1
Figure 1. T2, r = 2
0
. . .
f1m1
f2m2
f3m3
...
.. .
Figure 2. T3, r = 3
r = 2: K has two vertices and ZK(I, F ) contains a maximal tree, which we
denote T2, defined in the following way: It starts at the point (0, 0) ∈ I×I and runs
parallel to the first coordinate and goes to the next level (i.e planes y = f22 , . . . , y =
f2m2 ) by using one of the extreme vertical edges. T2 contains all the vertices and
has no loops, hence it is a spanning tree. There are N2 = (m1 − 1)(m2 − 1) edges
not in T2. Figure 1 shows an interpretation of T2.
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r = 3: K has three vertices and ZK(I, F ) contains a maximal tree called T3 (see
Figure 2) defined in the similar way as above: on each level parallel to the xy-plane
it is the same as T2 and it needs a vertical edge to jump to the next dimension each
time. There are m3 levels, each having N2 edges not in T3, and there are m3 − 1
spaces between levels, each having
∏2
i=1(mi)− 1 edges not in T3. Therefore there
are N3 = m3N2 + (m3 − 1)(
∏2
i=1(mi)− 1).
Assume true for r = n, that is, Nn = mnNn−1 + (mn − 1)(
∏n−1
i=1 (mi) − 1).
Let K[n] denote a finite set with n points. For r = n + 1 there is an inclusion
ZK[n+1](I, F ) ⊆ Rn+1. Set
An = ZK[n](I, F ) ⊆ Rn,
then An '
∨
Nn
S1. Figure 3 describes An+1, where between any two consecutive
An An An
Figure 3. An+1
An’s there are
∏n
i=1mi edges. Each An contains the maximal tree Tn (they all lie
on different planes y = fn+1j ) and the number of edges in An not in Tn is Nn. One
edge is used between two consecutive An’s to complete the graph Tn+1, so there
are (
∏n
i=1mi)− 1 edges not in Tn+1. Hence the total number of edges not in Tn+1
is Nn+1 = mn+1Nn + (mn+1 − 1)(
∏n
i=1mi − 1). 
Corollary 3.7. The value of Nr in Proposition 3.6 is
Nr = (r − 1)
r∏
i=1
mi −
r∑
i=1
(
∏
j 6=i
mj) + 1.
Proof. The proof follows by induction on r. For r = 2 then (m1 − 1)(m2 − 1) =
m1m2 − (m1 + m2) + 1. Now assume this is true for r = n, then for r = n + 1 it
follows from Lemma 3.2 that
Nn+1 = mn+1Nn + (mn+1 − 1)(
n∏
i=1
mi − 1),
where by assumption Nn equals
Nn = (n− 1)
n∏
i=1
mi −
n∑
i=1
(
∏
j 6=i
mj) + 1.
Substituting this value for Nn and rearranging the terms shows that
Nn+1 = n
n+1∏
i=1
mi −
n+1∑
i=1
(
∏
j 6=i
mj) + 1.

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Theorem 3.8. Let G1, . . . , Gr be finite discrete groups with |Gi| = mi, for all i,
and K be a discrete set of r points. Then there is a homotopy equivalence
ZK(EG,G) '
∨
Nr
S1,
where Nr is given in Corollary 3.7.
Proof. Follows from Proposition 3.6 and Corollary 3.7 
Consider the Denham-Suciu fibration (3.1) for K the 0-skeleton, to get the fol-
lowing fibration
ZK(EG,G) '
∨
Nn
S1 −→
∨
1≤i≤n
BGi −→ BG1 × · · · ×BGn.
Each of the spaces in the fibration is an Eilenberg-Mac Lane space, hence there is
a short exact sequence of groups
1 −→ F [x1, . . . , xNn ] −→ G1 ∗ · · · ∗Gn −→ G1 × · · · ×Gn −→ 1.
The rank of the free group in the kernel is Nn, which is given in Corollary 3.7. This
rank was also computed algebraically in an early paper of J. Nielsen [14]. Thus
Proposition 3.6 gives a topological proof of that same result.
3.2. Flag complexes. Suppose K is a flag complex. If G is a non-trivial discrete
group then the space ZK(BG, ∗) is a K(pi, 1), see [8, Example 1.6]. By a short
argument in Lemma 3.9, the converse of this statement is also true.
Lemma 3.9. If K is not a flag complex, then ZK(EG,G) is not an Eilenberg-Mac
Lane space.
Proof. There is an inclusion of pairs ([0, 1], {0, 1}) ↪→ (EG,G). If K is not a flag
complex, then K contains a minimal non-face σ ⊆ K with k vertices, where k ≥ 3.
Then there is an embedding
Zσ([0, 1], {0, 1}) ↪→ ZK(EG,G).
There is an equivalence Zσ([0, 1], {0, 1}) ' Sk−1. Therefore, ZK(EG,G) has non-
trivial higher homotopy groups. 
Remark. If K is a flag complex, then ZK(EG,G) is the classifying space of the
kernel of the projection ∏
SK1
Gi −−
n∏
i=1
Gi.
Hence, if G1, . . . , Gn are finite groups, then Lemma 3.9 shows that the kernel of
this projection is torsion free, since ZK(EG,G) = K(pi1(ZK(EG,G)), 1) is of finite
type by Lemma 3.5.
The following is an immediate corollary, which also proves Theorem 1.1.
Theorem 3.10. Let G1, . . . , Gn be non-trivial discrete groups and K be a simplicial
complex with n vertices. Then ZK(BG) is an Eilenberg-Mac Lane space if and only
if K is a flag complex. Equivalently, ZK(EG,G) is an Eilenberg-Mac Lane space
if and only if K is a flag complex.
Proof. This follows from [8], Proposition 3.9, and the Denham-Suciu fibration. 
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4. Homotopy groups of other polyhedral products
Suppose X is a path-connected, finite dimensional and pointed CW -complex.
Then it is a classical result that X is the classifying space of a topological group
G, which can be described precisely, see for example [12, Theorem 5.2]. Hence, we
can write X ' BG. This gives a homotopy equivalence ΩX ' G, which implies an
equivalence between the cone of the spaces CG ' C(ΩX). Let ∗ be the basepoint
of EG. There is a commutative diagram of spaces
EG× C(G) C(ΩX)
∗ ×G ΩX.
'
'
Hence, there is a homotopy equivalence of pairs (EG,G) ' (CΩX,ΩX). The
Denham-Suciu fibration (3.1) gives us
ZK(EG,G) −→ ZK(BG, ∗) −→ BGn,
which can also be written as
ZK(CΩX,ΩX) −→ ZK(X, ∗) −→ Xn,
because of the equivalence (EG,G) ' (CΩX,ΩX). This is an instance of the more
general case of a sequence of CW -pairs (X, ∗). Hence, there is a fibration
ZK(CΩX,ΩX) −→ ZK(X, ∗) −→
n∏
i=1
Xi.
Assume that G is path-connected. That means pi0(G) = 1 and there are isomor-
phisms pi1(X) = pi0(ΩX) = pi0(G) = 1. That is, assume that X is 1-connected. We
want to prove that if X is 1-connected, then ZK(EG,G) is 1-connected.
Theorem 4.1. Let X1, . . . , Xn be 1-connected CW -complexes. Then the polyhedral
product ZK(CΩX,ΩX) is 1-connected.
Proof. We prove this for X1 = · · · = Xn = X, then the general proof is the same.
As mentioned above, if X is a 1-connected CW -complex, then X ' BG and G is
path-connected, see [12]. Moreover, there is an equivalence
ZK(CΩX,ΩX) ' ZK(EG,G),
where EG and G are path-connected. Hence, ZK(EG,G) is path-connected. In
this proof we will work with ZK(EG,G).
To show that pi1(ZK(EG,G)) = 0, the definition of the polyhedral product will
be used. Recall that
ZK(EG,G) = colim
σ∈K
D(σ),
where D(σ) is a product of EG’s and G’s. Also recall that G × · · · × G ⊂ D(σ),
for all σ ∈ K, where G× · · · ×G = D(∅). For two simplices τ, σ ∈ K consider the
pushout diagram
ON THE FUNDAMENTAL GROUP OF CERTAIN POLYHEDRAL PRODUCTS 13
D(τ) ∩D(σ) D(τ)
D(σ) D(τ) ∪D(τ)∩D(σ) D(σ),
i
j
where D(τ) ∪D(τ)∩D(σ) D(σ) is the colimit of the two maps emanating from the
intersection D(τ) ∩D(σ). Using Seifert-van Kampen theorem for the fundamental
group, it follows that
pi1(D(τ) ∪D(τ)∩D(σ) D(σ)) = pi1(D(τ)) ∗N pi1(D(σ)),
where N is the subgroup generated by the images of the fundamental group of the
intersection under the induced maps of i and j in pi1. Let the set Vσ,τ = {v1, . . . , vt}
be the maximal set of vertices in K such that Vσ,τ∩σ = ∅ and Vσ,τ∩τ = ∅. Clearly,
pi1(D(τ))∗N pi1(D(σ)) = pi1(Gt), since i and j induce monomorphisms in pi1 and the
images of these two maps do not hit the coordinates corresponding to the vertices
in Vσ,τ .
K contains only a finite number of simplices τ1, . . . , τk. Let Vi1,...,il be the
maximal set of vertices in K such that Vi1,...,il ∩ τij = ∅ for 1 ≤ j ≤ l ≤ k. As
explained above
pi1(D(τ1) ∪D(τ1)∩D(τ2) D(τ2)) = pi1(D(τ1)) ∗N1 pi1(D(τ2)) = pi1(G|V1,2|).
To complete the proof, first perform the computation by taking the colimit with
more simplices until all simplices τ1, .., τk−1 are used. It follows that
pi1( colim
1≤i≤k−1
D(τi)) = pi1(G
|V1,...,k−1|).
In the last step, the polyhedral product equals
ZK(EG,G) = colim
1≤i≤k−1
D(τi) ∪ colim
1≤i≤k−1
D(τi)∩D(τk) D(τk).
Thus, the fundamental group equals
pi1( colim
1≤i≤k−1
D(τi) ∪ colim
1≤i≤k−1
D(τi)∩D(τk) D(τk)) = pi1( colim
1≤i≤k−1
D(τi)) ∗Nk−1 pi1(D(τk)).
Since V1,...,k = ∅, it follows that pi1(ZK(EG,G)) = 0. 
Now using Hurewicz’s theorem, we can describe the first non-vanishing homotopy
group of ZK(CΩX,ΩX).
Proposition 4.2. Let X1, . . . , Xn be 1-connected CW -complexes and K be a sim-
plicial complex with n vertices. If ZK(CΩX,ΩX) is (k − 1)-connected, then the
first non-vanishing homotopy group is given by
pik(ZK(CΩX,ΩX)) ∼=
⊕
I⊂{1,...,n}
Hk(|KI | ∧ Ω̂X
I
;Z).
Proof. From Theorem 4.1 we have that ZK(CΩX,ΩX) is 1-connected. Further-
more assume that the first non-vanishing homotopy group is the k−th homotopy
group. Then from the Hurewicz theorem we have
pik(ZK(CΩX,ΩX)) ∼= Hk(ZK(CΩX,ΩX),Z).
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It follows from [2, Theorem 2.10] that there is a homotopy equivalence
ΣZK(CΩX,ΩX)→ Σ
 ∨
I⊂[n]
ẐKI (CΩX,ΩX)
 .
Since CΩXi is contractible for all i, it follows from [2, Theorem 2.19] that there is
a homotopy equivalence
ẐKI (CΩX,ΩX)→ |KI | ∧ Ω̂X
I
.
Hence, it follows that there is a homotopy equivalence
ΣZK(CΩX,ΩX)→ Σ
 ∨
I⊂[n]
|KI | ∧ Ω̂X
I
 .
Finally, we have isomorphisms
Hk(ZK(CΩX,ΩX)) ∼= Hk
 ∨
I⊂[n]
|KI | ∧ Ω̂X
I
;Z
 ∼= ⊕
I⊂[n]
Hk(|KI | ∧ Ω̂X
I
;Z).

Another question is the case when a topological group G acts freely and properly
discontinuously on a CW -complex Y and p : Y → X = Y/G is a bundle projection.
There is a lemma due to Denham and Suciu [9] which describes the fibre when
comparing certain fibrations involving polyhedral products.
Lemma 4.3 (Denham & Suciu). Let p : (E,E′)→ (B,B′) be a map of pairs, such
that both p : E → B and p′ = p|E′ : E′ → B′ are fibrations with fibres F and F ′
respectively. Suppose that either F = F ′ or B = B′. Then the product fibration
p×n : En → Bn restricts to a fibration
(4.1) ZK(F, F
′) −→ ZK(E,E′) ZK(p)−−−−→ ZK(B,B′).
Moreover, if (F, F ′)→ (E,E′)→ (B,B′) is a relative bundle (with structure group
G), and either F = F ′ or B = B′, then (4.1) is also a bundle (with structure group
Gn).
Consider the relative map p : (Y,G)→ (Y/G, ∗) with fibres F = F ′ = G. Thus,
there is a fibration
Gn −→ ZK(Y,G) −→ ZK(Y/G, ∗).
Pushing the fibre to the right by taking its classifying space, one gets a fibration
ZK(Y,G) −→ ZK(Y/G, ∗) −→ BGm.
In this case it is not true in general that ZK(Y,G) is 1-connected, as shown in the
next example.
Example 4.4. Let G = Z/2Z act on the 2-sphere S2 by the antipodal map. Then
the orbit space is S2/(Z/2Z) = RP 2. Hence there is a fibration
ZK(S
2,Z/2Z) −→ ZK(RP 2, ∗) −→ B(Z/2Z)m.
If K is the 0-skeleton of the 1-simplex, then
ZK(S
2,Z/2Z) = (S2 × Z/2Z) ∪ (Z/2Z× S2)
ON THE FUNDAMENTAL GROUP OF CERTAIN POLYHEDRAL PRODUCTS 15
is equivalent to the wedge sum (
∨
4 S
2) ∨ S1. Hence, ZK(S2,Z/2Z) is not simply
connected.
Nevertheless, the following theorem shows that the fundamental group of these
polyhedral products can be computed with the information that was obtained from
Section 3.
Lemma 4.5. If A ⊂ X ⊂ Y with A finite discrete, X and Y path-connected, such
that the induced map pii(X)
i#−→ pii(Y ) is an isomorphism for i = 0, 1, then
pi1(ZK(X,A)) ∼= pi1(ZK(Y,A)).
Proof. Let DX(σ) denote the functor D evaluated on the pair (X,A) and DY (σ)
denote the functor D evaluated on the pair (Y,A). If σ ∈ K is a simplex and if
pii(X) → pii(Y ) is an isomorphism for i = 0, 1, then the map DX(σ) ↪→ DY (σ)
induces an isomorphism on the fundamental group. By definition,
pi1(ZK(X,A)) = pi1(colim
σ∈K
DX(σ))
and
pi1(ZK(Y,A)) = pi1(colim
σ∈K
DY (σ)).
Recall that if X2 is the 2-skeleton of X, then pi1(X) ∼= pi1(X2). Similarly, if Y2 is the
2-skeleton of Y , then pi1(Y ) ∼= pi1(Y2). So this shows that pi1(X2) ∼= pi1(Y2). Simi-
larly, it suffices to work with the 2-skeleton of the spaces ZK(X,A) and ZK(Y,A).
Denote these two spaces by ZK(X,A)2 and ZK(Y,A)2, respectively. It is clear that
there are inclusions up to homotopy ZK(X,A)2 ↪→ ZSK1(X2, A) and ZK(Y,A)2 ↪→
ZSK1(Y2, A) since adding a simplex σ on k ≥ 3 vertices, does not change the 2-
skeleton of the polyhedral product. Both inclusions induce isomorphisms in pi1.
This suffices. 
Note that Lemma 4.5 can be proved using the fact that there is a homotopy
equivalence
ZK(X,A)) = colim
σ∈K
DX(σ) ' hocolim
σ∈K
DX(σ),
see [2], and the fact that
pi1(hocolim
σ∈K
DX(σ)) ∼= colim
σ∈K
pi1(DX(σ)),
see [10] for details.
Next consider the pair (BG,BH), where H is a closed subgroup of G. As
mentioned in the introduction, there is an inclusion G/H ↪→ C(G/H) which gives
an inclusion EG × G/H ↪→ EG × C(G/H). Hence, G/H can be regarded as a
G-equivariant subspace of EG. There is a fibration
ZK(EG,G/H) −→ (EG)n ×Gn ZK(EG,G/H) −→ (BG)n.
Since EG × G/H ' G/H and EG ×G G/H ∼= EG/H ∼= BH, then the space
(EG)n ×Gn ZK(EG,G/H) is homotopy equivalent to
ZK(EG/G,EG×G G/H) ' ZK(BG,BH).
This proves the following proposition
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Proposition 4.6. Let H be a closed subgroup of the Lie group G. There is a
fibration given by
ZK(EG,G/H) −→ ZK(BG,BH) −→ (BG)n.
Proposition 4.7. Let H be a closed subgroup of G. Then there is a homotopy
equivalence
Ω(ZK(BG,BH)) ' Gn × Ω(ZK(EG,G/H))
and a short exact sequence of groups
1→ pi1(ZK(EG,G/H))→ pi1(ZK(BG,BH))→ Gn → 1.
This decomposition may not preserve the group structure.
Proof. There is a fibration as follows
ZK(EG,G/H) −→ ZK(BG,BH) −→ (BG)n.
Taking the loops of this fibration gives a fibration
Ω(ZK(EG,G/H)) −→ Ω(ZK(BG,BH)) −→ Ω((BG)n) = Gn.
There is a section Gn
s−→ Ω(ZK(BG,BH)) which implies that there is a homotopy
equivalence of topological spaces
Ω(ZK(BG,BH)) ' Gn × Ω(ZK(EG,G/H)).
The short exact sequence follows from this equivalence. 
5. An extension problem
In this section we are interested in investigating a certain extension problem that
arises from polyhedral products.
A. Adem, F. Cohen and E. Torres Giese [1] introduced the spaces B(q,G) for
integers q ≥ 2, which form a sequence of spaces and a filtration of BG
B(2, G) ⊂ B(3, G) ⊂ · · · ⊂ B(∞, G) = BG,
In particular, B(2, G) is defined to be the geometric realization
B(2, G) =
( ⊔
k≥1
Hom(Zk, G)×∆[k])/ ∼,
where ∼ is generated by the standard face and degeneracy relations, see [13].
A proof of the following lemma can be found in [1].
Lemma 5.1. Let G be a nonabelian group. The following are equivalent
a. If g /∈ Z(G), then C(g) is abelian.
b. If [g, h] = 1, then C(g) = C(h) whenever g, h /∈ Z(G).
c. If [g, h] = 1 = [h, k], then [g, k] = 1 whenever h /∈ Z(G).
d. If A,B ≤ G and Z(G) < CG(A) ≤ CG(B) < G, then CG(A) = CG(B).
Definition 5.2. Let G be a nonabelian group. If G satisfies any of the equivalent
statements in Lemma 5.1, then G is called a transitively commutative group, or
simply a TC group.
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Some examples of TC groups include abelian groups and dihedral groups. Let
a1, . . . , ak ∈ G−Z(G) be representatives of distinct centralizers in G such that the
set {CG(a1), . . . , CG(ak)} is the smallest collection of centralizers covering G. In
[1] A. Adem, F. Cohen and E. Torres Giese prove the following theorem.
Theorem 5.3 (Adem, Cohen & Torres Giese). If G is a finite TC group with trivial
center, then there is a homotopy equivalence
B(2, G) '
∨
1≤i≤k
( ∏
p||CGai|
BP
)
,
where P ∈ SylP (G).
The theorem states that if G is a TC group with trivial center, then
B(2, G) ' BG1 ∨ · · · ∨BGk,
where Gi =
∏
p||CGai|BP , and this gives the polyhedral product ZK0(BG). Hence,
there is a map
ZK0(BG) −→ BG.
On the level of fundamental groups, this gives the homomorphism
G1 ∗ · · · ∗Gk ϕ−→ G.
In general, assume {G1, . . . , Gn} is a family of subgroups of a finite discrete
group G. Then there is a natural map
G1 ∗ · · · ∗Gn ϕ−→ G.
It is natural to ask the following: for what abstract simplicial complexes K on [n]
does the map BG1 ∨ · · · ∨BGn Bϕ−−→ BG extend to ZK(BG)? That is equivalent to
asking for those K such that the following diagram commutes
BG1 ∨ · · · ∨BGn BG
ZK(BG).
Bϕ
i
The importance of this question is that, if the map in question extends, then we de-
tect commuting elements in G. One could also pose the same question algebraically
and seek the simplicial complexes K for which the following diagram commutes
G1 ∗ · · · ∗Gn G
∏
SK1
Gi.
ϕ
i#
The rest of this section is devoted to understanding this question.
The first example is that of a transitively commutative (TC) group G with
trivial center, where the family of subgroups {G1, . . . , Gn} is chosen to consist of
the maximal abelian subgroups of G.
Proposition 5.4. Let G be a transitively commutative group and let the set {A1, . . . , Ak}
be the distinct maximal abelian subgroups of G. Then the map
Bϕ : BA1 ∨ · · · ∨BAk → BG
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does not extend for any simplicial complex K such that K0 6= K.
Proof. If it extends for a simplicial complex K, then K has at least one edge,
say {i, j}. This implies that [Ai, Aj ] = 1 for some i 6= j. One can check that the
groups Ai are centralizers of elements in G not in the center, and that they intersect
trivially, yielding a contradiction to the assumption. 
Recall that for a group G there is a normal series called the descending central
series of G given by
G = Γ1(G) Γ2(G) · · · Γn(G) · · · ,
where Γ2(G) = [G,G] and Γn+1(G) = [Γn(G), G] for all n ≥ 2, and Γk(G) is called
the k-th stage series.
Next we extend the notion of TC-groups by defining a similar class of groups
with similiar properties, which eventually include TC-groups as a special case.
Definition 5.5. Let gl, kl ∈ Γl−1(G). We say that G is an l-transitively commuta-
tive group, or simply l-TC group, if
[gl, h] = 1 = [h, kl] =⇒ [gl, kl] = 1 for all h ∈ G.
Note that a 2-TC group is the same as the ordinary TC group. Also that the
condition that l ≥ 2 is required for the definition.
Remark. If G is an m-TC group then it is an n-TC group for all n ≥ m. This
follows from the structure of the descending central series. Hence, if G is a TC
group, then it is a k-TC group for all k ≥ 2. By convention, let finite simple groups
be called 1-TC groups.
Example 5.6. A group which is 3-TC but not 2-TC is the quaternion group, Q8.
This group has a presentation as follows
Q8 = {±1,±i,±j,±k|i2 = j2 = k2 = −1, ij = k, jk = i, ki = j}.
First we note that [i,−1] = 1 = [−1, j] but [i, j] = −1, so Q8 is not 2-TC. Now
[i, j] = [j, k] = [k, i] = −1 and [[i, j], h] = 1 for any h ∈ Q8. Therefore Q8 is
3-TC. One can also compute the descending central series for Q8. Its commutator
subgroup is Γ2(Q8)[Q8, Q8] = {±1} ∼= Z/2Z and Γ3(Q8) = [[Q8, Q8], Q8] = 1.
Therefore, the descending central series for Q8 is
1 Z/2ZQ8.
Lemma 5.7. If G is nilpotent of nilpotency class m, then G is an m-TC group.
Proof. G is nilpotent of nilpotency class m means Γm(G) = 1, that is, [gm, h] = 1
for all gm ∈ Γm−1(G), h ∈ G. In particular, [gm, km] = 1 for all elements gm, km ∈
Γm−1(G), hence G is m-TC. 
Definition 5.8. Let g ∈ G. The l-stage centralizer of g ∈ G, denoted ClG(g), is
the subgroup
ClG(g) := {gl+1 ∈ Γl(G)|gl+1gg−1l+1 = g}.
We can also write ClG(g) = CG(g) ∩ Γl(G).
Lemma 5.9. Let G be an (l + 1)-TC group with trivial center. Then ClG(g) are
abelian subgroups of G for all g ∈ G. Moreover, if Z(G) = 1, then ClG(g) are
distinct and either intersect trivially or coincide.
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Proof. It is clear that ClG(g) are abelian. If C
l
G(g)∩ClG(h) is non-trivial then there
is 1 6= k ∈ ClG(g)∩ClG(h) and thus, the two coincide by definition of an (l+ 1)-TC
group. 
Lemma 5.10. Let {ClG(g)}g∈Λ be the family of distinct l-stage centralizers of ele-
ments in G. If G is an (l + 1)-TC group with Z(G) = 1, the map∨
g∈Λ
BClG(g) −→ BG
does not extend for any K on [m] where m = |{ClG(g)}g∈Λ|.
Proof. This follows from the previous lemma. 
Corollary 5.11. Let G be a finite (k+1)-TC group with trivial center. Let G1, G2
be two subgroups of G such that CkG(g1) ≤ G1 and CkG(g2) ≤ G2, where CkG(g1) ∩
CkG(g2) = 1. Then the map
BG1 ∨BG2 −→ BG
does not extend to BG1 ×BG2.
Proof. The proof follows from Lemma 5.10. 
Using this corollary the following theorem follows easily. This theorem applies
to TC groups in particular.
Theorem 5.12. Let {Gi}mi=1 be a family of subgroups of a finite (k+ 1)-TC group
G with trivial center. If Gi contain distinct C
l
G(gi), for i = 1, 2, . . . ,m and l ≥ k,
then the map ∨
1≤i≤m
BGi −→ BG
does not extend to ZK(BG) for any K on [m], other than the 0-skeleton.
Proof. From the definition we have ClG(gi) = CG(gi)∩Γl(G) which implies ClG(gi) ≥
Cl+1G (gi). The rest of the proof follows from Corollary 5.11. 
Below we give a result for when this extension actually exists.
Definition 5.13. Let K be a simplicial complex. The flag complex of K is the
simplicial complex Flag(K) obtained from K by completing the minimal non-faces
to faces.
Note that an edge {i, j} is in K if and only if it is an edge in Flag(K). Now
let {H1, . . . ,Hn} be a collection of subgroups of a group G. Let Γ be a graph on
n vertices that records the commutativity relations of the set {H1, . . . ,Hn}. That
means, {i, j} is an edge in Γ if and only if [Hi, Hj ] = 1. Let Flag(Γ) be flag complex
of Γ.
Lemma 5.14. Let {H1, . . . ,Hn} be a collection of subgroups of a finite group G
with trivial center. If Γ is the graph described above, then the map
BH1 ∨ · · · ∨BHn −→ BG
extends to ZFlag(Γ)(BH).
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Proof. By definition, Flag(Γ) is a flag complex. Hence, the polyhedral product
ZFlag(Γ)(BH) is an Eilenberg-Mac Lane space with fundamental group
∏
ΓHi. So
there is a commutative diagram of groups
H1 ∗ · · · ∗Hn G
∏
ΓHi G.
ϕ
i# id
ϕ˜
Hence, there is a commutative diagram of spaces
BH1 ∨ · · · ∨BHn BG
ZFlag(Γ)(BH) BG.
Bϕ
Bi# id
Bϕ˜

This lemma actually holds for any simplicial complex K with the property that
Γ ⊆ K ⊆ Flag(Γ), even if K is not a flag complex.
Remark. If the collection of groups {H1, . . . ,Hn} in Lemma 5.14 is taken to be the
collection of groups {G1, . . . , Gn} in Theorem 5.12, then the graph Γ is a discrete
set with n points, thus no non-trivial extension is obtained.
Theorem 5.15. Let {H1, . . . ,Hn} be a collection of subgroups of a finite group G
with Z(G) = 1. If Γ is the graph described above and K is a simplicial complex
such that Γ ⊆ K ⊆ Flag(Γ), then the map
BH1 ∨ · · · ∨BHn −→ BG
extends to ZK(BH).
Proof. The proof follows by naturality and Lemma 5.14. First, the following dia-
gram of inclusions commutes
BH1 ∨ · · · ∨BHn ZFlag(Γ)(BH)
ZK(BH) .
Bi# = i
i1 i2
Combining this diagram with the diagram of spaces in Lemma 5.14, it follows that
the diagram
BH1 ∨ · · · ∨BHn BH1 ∨ · · · ∨BHn BG
ZK(BH) ZFlag(Γ)(BH) BG
=
i1
Bϕ
Bi# id
i2 Bϕ˜
commutes. Hence, the map BH1 ∨ · · · ∨HBn Bϕ−−→ BG extends to ZK(BH). That
is, the following diagram of spaces commutes
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BH1 ∨ · · · ∨BHn BG
ZK(BH) .
Bϕ
i1
Bϕ˜ ◦ i2

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